Abstract. Arrays of coupled chaotic elements have been used as models for studying a wide range of phenomena such as synchronization and pattern formation in biological and physical systems. We present experimental and numerical results showing that these arrays can also help us understand the origin of the stretched exponential dynamics observed in glasses and other complex systems. Stretched exponential behavior has been measured over many decades in a 1D array of coupled diode-resonators, just above a crisis-induced intermittency transition. Similar results are obtained numerically in an array of identical chaotic oscillators, confirming the chaotic origin of this universal behavior. In these systems, we find that the fundamental physical quantity associated with stretched exponentials is not the auto-correlation function but, rather, the distribution of times spent in dynamical traps. Here, we review these results and discuss their relation with other systems. We will also present results obtained on higher dimensional networks.
INTRODUCTION
Coupled chaotic systems show a great richness of dynamical behaviors and, as such, can serve as toy-model to study many physical phenomena. This was the case for synchronization and pattern formation, for example. Numerous researchers have also found that arrays of coupled non-linear elements could behave in a way reminiscent of that of glasses [1, 2, 3] , with very slow dynamics and freezing in disordered states. This is an important discovery because the problem of the glass transition is one of the oldest problems in condensed-matter physics and remains a topic of high interest.
Fragile glasses are characterized by an increase of many orders of magnitude in viscosity as the temperature drops by a few degrees. Near this region, the dynamics of relaxation of various quantities can be fitted by a stretched exponential,
with 0 < β < 1. Glasses also undergo aging and many properties depend on the history of preparation, and on the waiting time before a measure is taken or an external strain applied. It is not clear, at this point, how these two properties are related.
In the last few years, much experimental, numerical and theoretical efforts have been targeted at trying to identify a length-scale associated with the dynamical slowing down and characterize the dynamical heterogeneities found in glasses.
We discuss here some recent results obtained in the course of a detailed study of the glassy dynamics in an array of coupled diode resonators. The experimental results can be reproduced using coupled logistic maps, suggesting that these results are universal.
In the next section, we describe the experimental set-up and the model used to reproduce some of the results numerically. We then present and discuss the results obtained both experimentally and numerically.
METHODOLOGY

Experimental set-up
We consider a one-dimensional chain of 256 coupled diode-resonators connected as a ring. A schematic diagram showing its basic elements is presented in Figure 1 . The diode resonator circuit is simply a series combination of a 30-mHy inductor and a rectifier type pn-junction diode (1N1004) driven by a sinusoidal source at 100 kHz. This circuit has been studied extensively over the last 20 years and is known to follow the period-doubling route to chaos as the ac drive is increased [4, 5, 6] . These elements are coupled diffusively through resistors, as shown in the diagram, and period-boundary conditions are used. In spite of a careful selection, the drive voltage for a given feature, such as the period-3 fixed points, varies by up to 20% between basic elements. This one-dimensional setup has been previously studied with unidirectional coupling [7] and under the conditions of stochastic resonance [8, 9, 10] .
The overall phase diagram of this system, as the drive voltage is increased, represents a kink-forming route to spatio-temporal chaos [11] . At low drive voltage, all elements follow the period-doubling route to chaos in a nearly perfect synchronous manner, with no or little current in the coupling resistors. As the drive is increased, the lattice reaches a two-band chaotic orbit with all elements, again, being in the same band at the same time. Further increasing the voltage leads to the formation of spatial structures as coarsegrained period-2 phase kinks (two-band structures with elements alternating bands at a given time) start to appear [7] . It is interesting to note that each time a new kink is formed, the orbit stabilizes itself. At it turns out, there is appreciable power dissipated in the coupling resistors at the kink position, reducing the available phase space. Increasing the driving, the number of kinks increases until all elements are on a kink, i.e., with neighbors in the opposite band. Further increasing the drive voltage, the system goes through a high-dimensional version of the well-studied attractor-merging crisis [12] . We define the critical drive voltage V c as the point where the two attractors just touch. Just above V c , the system oscillates between full spatio-temporal chaos and coarse-grained periodicity, being trapped for long periods in the latter state. In the case of a single chaotic element, this crisis-induced intermittency was shown to display exponentially distributed switching times [12] . As discussed here, we also find a form of crisis-induced intermittency in coupled systems but the trap time distribution is now dominated by stretched exponentials.
Coupled logistic maps
The experimental results can be reproduced qualitatively using an array of coupled logistic maps as introduced by Kaneko [13] and Johnson et al. [7] a few years ago:
where f i (t n ) = rx i (t n ) 1 − x i (t n ) and α is the coupling between oscillators. Although this map is sufficient for the problem discussed here, it does not describe the full dynamical behavior of the experimental system, which includes some memory effect which is best reproduced by a two-dimensional map [6] . Simulation are typically run on lattices with periodic boundary condition varying in size between 100 and 10000 sites. Initial conditions are set at random and the first million step discarded to avoid transient effects. Simulation length vary between 10 7 to 10 10 time steps.
Results below are generally presented for α = 0.25 and r = 3.83 or 3.8888, two sets of parameters showing a glassy behavior. Figure 2 shows a 4096-cycle time series for the 256 elements. The two phases of the two-band attractor are represented as black and white, and only every other time step is displayed. Note the creation, annihilation and diffusion of the boundaries of the twoband attractor. With the coupling resistors used, 150 kOhms, the coarse-grained spatial periodicity of the lattice is about 4 sites. We are interested in the statistical distribution of trap time in a period-two cycle. This quantity is formally equivalent to the distribution of time intervals between zero crossings of renewal processes such as random walks [14] and has the advantage that it can be measured experimentally and numerically to a high degree of accuracy for this system [15] .
Analysis
Generally, however, experimentally measurable relaxation response correspond to auto-correlation functions which are given by
A general framework describing the direct relation between this quantity and the distribution of trap time was recently introduced by Luck and Godrèche [14] . Applying this framework to our problem, we can show that a stretched exponential trap time distribution implies also a stretched exponential decay in the auto-correlation function, albeit with a different exponent [16] . There is therefore a one to one correspondence between the trap time distribution presented here and the more standard auto-correlation function. 
RESULTS
Stretched exponential dynamics
As already mentioned, just above what would be called crisis-induced intermittancy in a single chaotic oscillator, the trap-time distribution presents an unusual stretched exponential dynamics, reminiscent of glasses. However, while for most experimental measures of stretched exponential relaxation in these systems, the results span few enough decades that they can be fitted by a number of distributions, experimental results for the coupled system presented here, taken over a full day at a rate of 10 kHz, shows a well-fitted curve over 6 decades in the distribution.
For completeness, we also plot the auto-correlation function, which also follows a stretched exponential form. Due to the way we measure the auto-correlation function, we can only get a fraction of the statistics obtained for the trap distribution. Even with less statistics, however, the auto-correlation function follows a stretched exponential over about a decade, in agreement with the theoretical analysis.
Because the set-up is disordered, with diode-resonators differing by at most 20 % in their critical voltage, after a careful selection, each site displays a different dynamics. Although all sites show a stretched exponential trap-time distribution, the stretching exponent can vary considerably. For example, Fig. 4 show the trap-time distribution for three sites on a 256-diode lattice at the same driving with β varying by more than a factor of two.
Similar effects could be produced numerically when site disorder is introduced in the variable r.
The stretching exponent β varies continuously with the external drive voltage. From about 0.35 to close to 1.0 as the system is close to fully chaotic. Closely following this behavior, the time factor, τ 0 , also decreases, resulting in significantly longer traps as the voltage goes down. This is similar to what is seen numerically, for the model above, with 0.33 < β < 0.70. In this case, the longer traps at the low β are more than 250 times longer than for β = 0.70, reaching time scale of more than 30,000 time steps. By contrast, the increase in the length scale of the exponentially-decreasing spatial correlation function goes up from 2 to 8 sites. Moreover, as can be seen in Fig. 2 , it appears that there is little correlation between the width of a trap and its duration. A parallel can be drawn between these surprising features and the absence of any diverging length scale in glasses as the relaxation times increase rapidly, near the glass-transition temperature. The absence of long-range spatial correlations is also revealed in Fig. 6 which plots the number of times a site has flipped from one phase to another normalized by the number of time steps in the simulation. A low activity indicates a site that remains trapped for long time. Although the experiment is taken on a relatively short period of time, 2048 time steps sampled at a frequency 10 times that of the basic clock tick, it is clear that spatial correlation is minimal.
While spatial correlation increases only slightly with decreasing driving, the spatial periodicity remains unchanged. As it turns out, this quantity depends only on the coupling strength and not on the driving. Figure 7 shows that the spatial wavelength follows linearly the coupling strength. The stretched exponential behavior is mostly constrained to a spatial periodicity between 4 and 5 sites.
Origin of the stretched exponential
In order to better understand the origin of the stretched exponential, we turn to the numerical model. The coupled-map model introduced above reproduces closely the features seen experimentally. This demonstrates that the stretched exponential behavior is a generic property of coupled chaotic systems and not caused by frozen disorder [15] .
In order to investigate the origin of the stretched exponential behavior in this system, we rewrite Eq. (2) as an external perturbation, a t on an isolated site:
Within this picture, it is convenient to relax the coarse-grained picture and to introduce the natural invariant density, ρ(x). This density is defined such that ρ(x)dx gives the fraction of the time the orbit spends in the interval dx around x. A similar quantity can be defined for the external perturbation, ρ(a).
For the uncoupled map in the fully chaotic, the natural invariant ρ(x) has the wellknown "U" shape [12] . ρ(a), representing the distribution for f (x i−1 ) + f (x i+1 ) is already very Gaussian-like and peaked at 0.5.
These densities are modified significantly with the coupling. For the single site natural invariant, ρ(x), the peaks at 0 and 1 have moved inside. The competition between the period oscillations and the chaotic behavior are clearly seen there, by a non-vanishing density between the peaks at x = 0.45 and x = 0.85. The central peak for ρ(a) is shifted to the right and a shoulder appears near 1. The central peak arises when the two neighbors of site i are in opposite band, i.e., when the lattice is in a spatial period-four. The effect of this perturbation on site i in Eq. (4) is, in effect, to shift the bifurcation map from a chaotic to a temporal period-two regime, setting the site into a trap (see Fig. 9 ).
While Eq. (4) can help understand the origin of the traps in these coupled systems, it also underlines the need for local spatial organization. For example, selecting the perturbation a(t) from the distribution ρ(a) presented in Fig. 8 generates only an exponential trap-time distribution. If we introduce a bias in the distribution, by favoring with a stretched exponential probability, a value of a(t) corresponding to the peak in ρ(a), then the map also shows stretched exponential distributions. This demonstrates that once a stretched exponential is present in the dynamics, it will force it on the rest of the lattice. This is confirmed by constructing a(t) by adding the state of two sites selected at random on a large lattice and using this perturbation on an isolated map. The trapdistribution on this map also displays a stretched-exponential trap distribution, with a stretched exponent β larger than that of the lattice.
Since there is no direct communication between the two sites selected at random (the spatial correlation is very short range -less than 10 sites), it is even sufficient that each neighbor be locked into a stretched-exponential trap-distribution independently to impact similarly the central site. 
Higher-dimensional lattices
In view of the existence of 3D configurational glasses, it is interesting to assess whether the stretched-exponential trap-time distribution persists in higher dimension. In view of the discussion of the previous section, one could expect that the stretched exponential behavior disappear rapidly with increasing dimensionality. How fast exactly has to be established experimentally. Fig. 10 shows the phase diagram of the coupled map, in terms of the level of activity as function of the driving r and the coupling parameter α. While the overall level of activity, save for very small couplings, decreases significantly with the dimensionality of the lattice, the qualitative structure of phase diagram remains similar.
In all dimension, there is a significant frozen region above α 0.1, where the lattice locks into a spatial and temporal period two. At very high coupling, the activity increases again as the whole lattice starts behaving as a single, perfectly in step, oscillator. The interesting region of the phase space, for our purposes is therefore in the medium coupling, 0.2 < α < 0.4, where stretched exponential dynamics occurs in 1D.
Changes are significant enough, however, that we might wonder whether or not the close relation between experiment and simulation will survive higher dimensions. While a 3D experimental set-up is currently being put together, simulations indicate that the parameter window for stretched exponential behavior decreases in size. There are, however, some regions of the phase diagram where stretched exponential trapdistribution occur in both 2D and 3D but a full characterization of those has not been completed at this point.
CONCLUSION
Coupled arrays of chaotic elements display are remarkably rich range of dynamics. We have found that for a wide range of parameters, these coupled lattices behave in ways very reminiscent of glasses, with frustration inducing stretched exponential distributions. These results, which are seen both experimentally and numerically appear to be universal. Because the dynamical systems can be much more easy to measure and simulate, they can provide us with a new way to study the origin of the stretched exponential relaxation in glasses.
Spatial organization appears critical, here, to generate the stretched exponential traptime distribution. The stability of traps is ensured by the presence of a spatial period-four region. Nevertheless, the short range spatial correlations indicate that there is not much stability gained by extending greatly the period-four region. As β decreases from 0.50 to 0.33 and the longer trap increase in time 250-fold, the spatial correlation length goes up from 2 to 8. This can be compared with the absence of a diverging length scale observed in glasses as the dynamics slows down to a halt.
Although we have made much progress in understanding this new dynamics in arrays of coupled chaotic elements, there are still a few questions that remain to be answered regarding the effects of dimension and the links between these systems and configurational glasses. We are hopeful that studying further these phases will help us identify the origin of stretched exponential relaxation, a question which has been with us for more than 150 years by now.
